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Abstract: Let Cy(r~, ~0, Rs) be the class of compact connected smooth manifolds M of dimension 
n 2 3 and with Yamabe metrics g of unit volume such that each (M,g) is conformally flat and 
satisfies 
p(M, [sl) 2 PO > 0% J IE,ln’2 dug 6 Ro, M
where [g], p(M, [g]) and E, denote the conformal class of g, the Yamabe invariant of (M, [g]) 
and the traceless part of the Ricci tensor of g, respectively. In this paper, we study the boundary 
aCy(n, ~0, Ro) of Cy(n, ~0, Ro) in the space of all compact metric spaces equipped with the 
Hausdorff distance. We shall show that an element in aCy(n, ~0, Ro) is a compact metric space 
(X, d). In particular, if (X, d) is not a point, then it has a structure of smooth manifold outside 
a finite subset S, and moreover, on X\S there is a conformally flat metric g of positive constant 
scalar curvature which is compatible with the distance d. 
Keywords: Yamabe metric, positive scalar curvature, flat conformal structure. 
MS classification: 53C; 58E. 
1. Introduction 
Let M be a compact connected smooth manifold of dimension n and M(M) denote 
the space of all smooth Riemannian metrics on M. Throughout this paper, we always 
assume that manifolds under consideration are connected, smooth and that the dimen- 
sion n is at least 3. It is a classical result due to Hilbert [14] that a metric h on M 
is an Einstein metric, i.e. a metric whose Ricci curvature tensor is proportional to the 
metric tensor, if and only if h is a critical point for the functional of the normalized 
total scalar curvature R defined as 
W) = s M 4, dv, 
(JM dv,)(“-2)‘” 
for g E M(M), 
*E-mail: k-acta@la.shizuoka.ac.jp . 
‘This research was partially supported by the Grant-m-Aid for Young Scientists No. 06854003, The 
Ministry of Education, Science and Culture. 
0926-2245/94/$07.00 01994 Elsevier Science B.V. All rights reserved 
SSDI 0926-2245 (94) 00015-8 
240 I(. Akutagawa 
where R, and dv, denote the scalar curvature and the volume element of g, respectively. 
An Einstein metric may be considered as a good candidate for a metric which makes 
a given manifold M the best possible shape. It is, however, known that there exist 
compact manifolds which carry no Einstein metric (e.g. S’ x S2 and S1 x S3, see 
[6, Chapter 61). N evertheless, 5” x S2 and S’ x S3 may admit positive constant curvature 
metrics (and so Einstein metrics) with suitable degenerations (see Example 1.1 below). 
Therefore it is reasonable to expect the existence of a suitable degenerate Einstein 
metric on a given manifold M. 
On the other hand, the Yam&e functional I on a conformal class C (not necessarily 
conformally flat) of A4 is defined by the restriction of R to C 
I(g) = (%)(S) for gEC. 
The infimum of this functional is denoted by p(M,C), i.e., 
and called the Yumube invariant of (M, C). The following so-called Yamabe problem 
was solved affirmatively by the work of Yamabe [34], Trudinger [33], Aubin [3] and 
Schoen [29,32]: 
Given a conformal class C on a compact manifold M of dimension n 2 3, find a 
metric g which minimizes the Yumube functional I on the conformal class C. 
We call a metric, which is a solution of the Yamabe problem, simply a Yumube metric. 
A conformal class C on M is called a Jut conformal structure if (M,g) is conformally 
flat for g E C. Also, a Riemannian metric g on M will be called a conformally flat 
Yumube metric if (M, g) is conformally flat and g is a Yamabe metric. From now on 
we assume that M is a compact manifold which admits a flat conformal structure. 
In this paper, we are concerned with the problem of finding a suitable degenerate 
conformally flat Einstein metric (i.e. constant curvature metric) on M. The Yamabe 
problem can be viewed as a first approach for this problem. As a second approach, we 
shall consider an invariant PC(M) of M defined to be the supremum of p(M, C) of all 
flat conformal structures C on M, i.e., 
/&q = sup{/@% C); C is a flat conformal structure on M}. 
It should be pointed out that the invariant PC(M) was introduced by Izeki [16] as an 
analogy of the invariant 
p(N) = suP{@r, C); C is a conformal class on N}, 
due to Kobayashi [20] and Schoen [31], defined for compact manifolds N possibly with 
no flat conformal structure. The invariant p(N) was introduced under the computation 
of the second variation of the functional R at an Einstein metric and the observation 
of the distinction between conformal directions and their orthogonal complements (see 
Koiso [22] and [21,31] for details). 
Now we can formulate our problem in a naive form (cf. [2]): 
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Problem P. Let {g;}zl b e a sequence of conformally flat Yamabe metrics on M with 
unit volume which satisfies 
Then, characterize the degeneration of the limit of {(M,g;)}g, as i --) CO. 
Before we state our main theorem, let us look at a typical example due to Kobayashi 
[19] and Schoen [31]. 
Example 1.1. There exists a family of conformally flat Yamabe metrics {gt}t)to on 
S’ x A’“-’ such that 
(1) hl and hl are not equivalent if t2 > tl 2 to. 
(2) (Sl x P-l,g t ) converges to the quotient space of S”(1) which identifies its north 
pole p+ with its south pole p-, in the Hausdorff distance, where P(1) denotes the 
Euclidean n-sphere of radius 1. 
(3) There exist go E 5” and a Riemannian metric go0 on S1 x S”-’ which degenerates 
on {go} x S”-’ such that (S1 x Sn-l\({qg} x Sn-l),gW) is isometric to P(l)\{p+,p-}. 
(4) limt..-+,~(S1 x S”-l, [St]) = ,uc(S1 x P-l) = p(P) = n(n - l)v~l(P(l))~/~. 
(5) lim~,,vol(S1 x Sn-l,gt) = vol(P( 1)). 
(6) lim+,,{inf{Ric,,(a:);s E S* x ,!F1}} = -co, where Ricgt denotes the Ricci 
curvature of gt. 
(7) lim+,,i(S’ x S”-‘,gt) = 0, where i(S1 x Snbl,gt) denotes the injectivity radius 
of (Sl x P-l,gt). 
(8) limt+, ssl xs+l IE.!Jt I“Izdvg, < +CO. 
(9) For any p > n/2,lim-+, Jsl xs,,_1 IE,, 1’ dug, = +a. 
(10) If n = 3, for q1 E S2 and each t > to there exists rt > 0 such that limt_,,rt = 00 
and ((Sl x S’,rtgt), (gu,gr)) converges to the double of MS in the pointed Hausdorff 
distance, where MS denotes the space section of the outside region of Schwarzschild’s 
solution in general relativity (cf. [13]). 
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Inspired by the above example, we prove the following convergence theorem as a one 
step for the Problem P. 
Theorem 1.2. Let {(M;,g;)};“=l b e a sequence in CY(n, ~0, Ro) with some positive 
constants ~0, Ro. Then either of the following two cases must be hold. 
(lo) (M;,g;) converges to a point in the Hausdorfl distance. 
(2O) There exist a subsequence {j} c {i}, a compact connected metric space 
(M,, do3) with positive diameter, and a finite subset S = {xl,. . . , xk} c A4, (pos- 
sibly empty) such that 
(2O.l) (Mj,Sj) converges to (M,, d,) in the Hausdorff distance. 
(2O.2) M,\S has a structure of smooth n-manifold and a conformally flat metric 
go0 of positive constant scalar curvature which is compatible with the distance d, on 
M,\S. 
(2O.3) For each compact subset K c M,\S, there exists an into diffeomorphism 
@j : K -----f Mj for j suficiently large such that (Qj)*gj converges to go0 in the C” 
topology on IC. 
(2O.4) limj,,R,, = El,,. 
(2O.5) For every x, E S(a = 1,. . . ,k) and j, there exist xa,j E Mj and positive 
number rj such that 
(2’.5a) Br(xa,j) converges to BT(xa) in the Hausdorfl distance for all r > 0. 
(2”.5b) limj,,rj = 00. 
(2O.5~) (( Mj, rjgj), x,,j) converges to ((Na, h,), z~,~) in the pointed Hausdorfl 
distance, where (N,, ha) is a complete noncompact, scalar flat, conformally flat, non- 
flat n-manifold which satisfies 
and 
sup /Rich,/ < 00, 0 < J Pkd 42 z, d h, < 00) Na NC2 
vol(B,(p), h,) 2 (5. ‘P(n - 1))~“/“(n - 2)n/2pi’2rn 
forpENa andr>O. 
(2’.5d) For every r > 0, there exists an into diffeomorphism IPj : l&(x,,,) - 
Mj for j sufficiently large such that (qj)*(rjgj) converges to h, in the C” topology 
on &(G,~). 
(2O.6) It holds 
The author believes that under the assumption of Theorem 1.2, only the second case 
(2’) holds. 
Remark 1.3. (1) In [32], S h c oen and Yau proved that if (M, C) is a conformally flat 
compact manifold of positive Yamabe invariant, then (M, C) is a Kleinian manifold. 
Hence, an element in Cy(n,po, Ro) is also a Kleinian manifold. 
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(2) For p > n/2, let CY,(n,pn, Rn) denote the class of compact n-manifolds A4 with 
conformally flat Yamabe metrics g of unit volume which satisfy 
In Theorem 1.2, if we replace the set CY(n,,uo, Ro) by the set CY,(n,pu, Ro) for p > n/2, 
then the conclusion which is the same as the first case (1”) never hold. In fact, from 
the result for volume estimates of geodesic balls from above due to Yang [35] (see also 
Gallot [9]), th ere exists a positive constant DO = Dn(n,p,pu, Ro) such that 
diam(M,g) 2 DO > 0 for (M,g) E CYp(nL,p~,Ro). 
However, from the viewpoint of Example 1.1, this set CY,(n,po, Ro) may not be a 
suitable class for the Problem P. 
(3) Our main Theorem 1.2 was also inspired by the convergence theorems for Einstein 
metrics, which are due to Anderson [l] and Nakajima [25] (also [5]). 
The author would like to thank Professor 0. Kobayashi for his continuous valuable 
advices and Professor H. Izeki for useful discussions. He would also like to thank 
Professor S. Nishikawa and the referee for many helpful suggestions. 
2. Geometric inequalities for Yamabe metrics 
In this section we shall give new geometric inequalities for Yamabe metrics of positive 
scalar curvature and prove, as an application, a precompactness theorem for them. 
First, we discuss several known properties for Yamabe metrics. Let M be a compact 
n-manifold. Throughout this section, we do not assume that M admits a flat conformal 
structure. Since a Yamabe metric g (not necessarily of positive Yamabe invariant) on 
M is a minimizer of the Yamabe functional I : [g] - IR, then the first and second 
variational formulas show the following properties (cf. [4,24]): 
R, = p(M, [g])vo1(M,g)-2/” = const., (2.1) 
(2.2) 
where A, = gijV;Vj denotes the (nonpositive) Laplacian of (M,g), V the Levi-Civita 
connection of (M,g) and x,(-A,) the first nonzero eigenvalue of -A,. Moreover, the 
following property is due to Aubin [3]. 
p(M, [g]) < n(n - l)vol(Sn( 1))2/“. (2.3) 
Now we state a crucial inequality for Yamabe metrics of positive scalar curvature. 
Proposition 2.1. Let g be a Yamabe metric of positive scalar curvature on M. Then 
vol(B,(p)) 3 (5 . 2n-2)--n/2ci’2rn (2.4) 
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forp~M and 
where B,(p) denotes the geodesic ball of radius T centered at p, vol(B,(p)) = 
vol(B,(p),g) the volume of B,(p) with respect to g and 
n - 2 CLW, [91) > 0. cg = 4(n - 1) 
Proof. The Yamabe invariant p(M, [g]) is rewritten as 
n-l 
4- 
J 
Pvw91> = uE&$) fz - 2 M 
ldu12 dv, t 
J 
Rgu2 dv, 
M 
(1 > 
(n-2)/n ’ (2.5) 
1’111 
2d(n-2) dvg 
M 
where HI(M) d enotes the Sobolev space of functions with L2 first derivatives (cf. [4]). 
It then follows from (2.1), (2.5) and the positivity of p(M, [g]) that 
I4 27d(n-2) dvg 
(n-2)/n 
<’ cg M W-d2 dug + 
J ’ Vd( it!, g)2’n 1 
u2 dv, 
M 
(2.6) 
for 21 E HI(M). 
Take any point p E M, any r > 0 satisfying r < dminfcg and fix them. Let 
( 
1 (0 < P(Z) < ;r> 
C(z) = 2 - $(z) <;r f p(z) < r) for 5 E M, 
0 (r G P(X)) 
where p(z) = dist(M,gl(p,z). Then C E HI(M) and a straightforward calculation using 
the inequality (2.6) yields 
vol( Bf(p)y)ln < -+W%(P)) - VW$(P))I 
9 
t 
1 
vol( M, 9)2/n 
VOl(&(P)) < - 5 vol( B,(p)). 
T2Cg 
This gives the estimates 
where V, = vol(B,(p)) and p = (n-2)/n (< 1). 
(2.7) 
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This inequality (2.7) may now be iterated in the standard fashion. Let ~1 = r and 
T, = 2-m+1r. We then obtain 
v, 2 (5-rc,r ) 2 CL, P’-‘2-2clm_;1 qv2_JP” 
2 (5-lcy~2)~2~(V2-,,)~~. 
Since Vt = w,tn + 0(t n+2) for small t > 0, letting m 4 00 gives 
v, > (5 .2n-2)-+c;‘%n, 
where wn denotes the volume of the Euclidean n-ball of radius 1. This completes the 
proof of Proposition 2.1. 
Proposition 2.2. Under the same assumption of Proposition 2.1, 
&am( jj,f, g) 6 2(5 . 2+2)n/2 
J 
vo1(~~g)2’n. 
Proof. We may assume that diam(M,g) > d vol( M, g)2/n/cg, otherwise diam( M, g) < 
vol(M,g)2/“/c, and so our assertion is true. Let do = vol(M, g)2/n/cs and no = 
[diam(M, g)/2dol t 1, where [a] denotes the greatest integer C satisfying k Q a. Then 
there exists a disjoint family of geodesic balls {Bd,,(zj)}~~r of radius do. It follows from 
(2.4) that 
~(5. 2n-2)-n/2c;‘2d; < ~vol(Bd,(xj)) < vol(M,g). 
j=l 
Since 
diam(M,g) ~ diam(M,g) 
2do [ 2do 1 t 1 = no, 
we then obtain 
diam( M, g) < 2dono 
< 2(5. 2n-2)n12c;~‘2d;(n-1)vo1(M,g) 
<2(5.2 - ) It 2n,2{T. 
This completes the proof of Proposition 2.2. 
Next, we recall the definition of the Hausdorff distance on the set MU of all isometry 
classes of compact metric spaces introduced by Gromov [12]. Let X and Y be compact 
metric spaces. A map f : X - Y (not necessarily continuous) is said to be an E- 
Hausdorfl approximation if the following two conditions are satisfied. 
The &-neighborhood of f(X) in Y is equal to Y. 
I&&, g) - &(f(p)J(q))( < E for p, g E X. 
(2.9) 
(2.10) 
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The Huusdorfl distance d,(X,Y) between X and Y is defined to be the infimum of all 
positive numbers E such that there exist s-Hausdorff approximations from X to Y and 
from Y to X. Unfortunately d~(., .) d oes not satisfy the triangle inequality. However 
the inequality (2.11) b 1 e ow holds and then shows that it gives a metrizable complete 
uniform structure on the set MU. Thus we treat d~(., .) as if it is a distance function. 
47(X, 2) < 2Mf(X, y> + MY, z>>, 
for X, Y, Z E MEI. 
(2.11) 
For noncompact metric spaces, we also recall the definition of the pointed Hausdorff 
distance. Let (X, z) and (Y,g) b e p ointed metric spaces (possibly compact). A map 
f : (X,x) ----t (Y, y) is said to be an E-pointed Hausdorfl uppro‘ozimution if 
f(x) = YY (2.12) 
f(B,/&)) c B,/,(y), (2.13) 
fl&,,(z) : b/J ) x - B,,,(y) is an &-Hausdorff approximation. (2.14) 
The pointed HuzlsdorJ distance dp,~((X, z), (Y, y)) between pointed metric spaces 
(X, z) and (Y, y) is the infimum of all positive number E such that there exist &-pointed 
Hausdorff approximations from (X, z) to (Y, y) and from (Y, y) to (X, z). dp,+(., .) also 
defines a distance on the set MElo of all isometry classes of pointed metric spaces 
whose metric balls are all precompact. 
Let Y(TPO) d enote the class of compact n-manifolds A4 with Yamabe metrics g of 
unit volume which satisfy 
Theorem 2.3. The set y(n,po) is precompact in MET with respect to the HuusdorfS 
distance. 
Proof. Using the same argument as in Gromov [la, Chapter 51 and the diameter 
estimate (2.8), it suffices to prove for each E (> 0) there exists a positive integer N(E), 
which is independent of (M,g) E y(n,pLg), such that 
vol(M’g) f N(E) for any p E M. 
VOl(BE(P), s) 
(2.15) 
The estimate (2.15) easily follows from (2.3) and (2.4). This completes the proof of 
Theorem 2.3. 
3. A local a priori estimate of curvature 
In this section we shall derive a local pointwise curvature estimate of conformally 
flat Yamabe metrics with positive scalar curvature. 
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Lemma 3.1. Let g be a conformallyflat Yamabe metric of nonnegative scalar curva- 
ture on a compact manifold M. Then, 
IRiem,I < { & IEg12 + 2n(n - l)( vc~~&(~))4’~}1’2, 
7 
(3.1) 
where Riem, denotes the Riemann curvature tensor of g, 
Proof. Since the Weyl tensor IV, of g vanishes identically, we have the following 
identity 
IRiem,j2 = & w2 + ,,(,,’ q%- 
It then follows from (2.1), (2.3) and th e nonnegativity of p(M, [g]) that 
The basic idea of the following estimate is originally due to Sacks-Uhlenbeck [28] 
(see also Anderson [l] and Schoen [30]). 
Proposition 3.2. Let g be a conformally flat Yamabe metric of positive scalar cur- 
vature on M. Then there exist positive constants cl = cl(n,p(M, [g]), vol(M,g)), 
c2 = c2( n) and ~0 = EO( n, p( 44, [g])) such that if 
J B(Y,’ I 47 n’2 dv, 6 E,,, (3.2) r 
then 
sup 
Br/z(~) 
1 Riem, I 
Proof. Since a conformally flat metric of constant scalar curvature is a metric of har- 
monic curvature (cf. [6, Chapter IS]), we can apply the Bochner-Weitzenbiick formula, 
and using the positivity of R, then gives 
A I&/ > -~3 )Eg12, (34 
where c3 is a positive constant depending only on n. 
Let u = I Egl. Multiply both sides of (3.4) by q2ua, where Q 2 f and 77 is a cut-off 
function of compact support in B,(p) which is determined later. Integrating by part, 
we obtain 
(3.5) 
< c3 q2ua+2dv,. 
/ 
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The Young inequality implies 
(3.6) 
where E,, = 2 for n = 3 and Ed = 1 for n > 4. Using (3.5) in (3.6) then gives 
1 v2 \d&+‘)/2r dv, 
(ff + 1>2 
(3.7) 
C 4(o! - &/2) {J 
c3 rj2Uff+2dvg + 2~;~ 
J 
,zP+l ldq12 dvg }. 
It follows from (2.6) and (3.7) that 
(~,(~+l)/2)2”/(n-2)dvg 
(n-2)/n 
(3.8) 
g!2 {J q2U*+2dvg + q2Ua+1dvg~ % J J 
where c4 is a positive constant depending only on n. 
We first set a = n/2 - 1. Then 
J &&“+2)/2dvg 
(J 
2/” 
) (1 (qu?L/4)2n/(n-2)&,g (n-2”n. > f unf2dvg Brb) 
Taking ~0 in (3.2) satisfying 
(3.9) 
&O 2/n < (n")c4' 
from (3.8) and (3.9) we obtain 
(.I 
(gz1”/4)2”/(n-2)dvg 
> 
(n-2)/n (3.10) 
f c4(n--2) 
J 
W/l 2 ti”/2dvg + 
2 
J 
q2uni2dvg 
CT3 voq M, gp 
f c5 
J 
(q2 + ld~12)~n’2d~g, 
where 
2 
cg = max 
1 
c4(n-2) 
* cg ’ vol( M, fp > 
If we choose the cut-off function 77 satisfying 77 = 1 on B3ri4(p) and 7 = 0 on M\&(P) 
with ldqj < 5/r, then (3.10) gives 
II X&r,4 (~1 ul17L2/2(n-2) ’ < c5(1+ $0 , { 1 
2/n 
(3.11) 
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where x&/a (PI and II . lln2/2(??2) denote the charcteristic function of B,,,,(p) and the 
J?“‘/~(“-~) norm on M, respectively. 
Now we reconsider the inequality (3.8) for a > n/2 - 1 and cut-off functions 77 of 
compact support in B,,,,(p). F rom (3.11) and Holder’s inequality, we then obtain 
J v2”a+2d%l G 119~11,2,2(,_2)ll~~(o+1~‘211~~2,(~2-2~+4) 
< { c5(1 + ~)ao}2’nllw(a+‘~~211:n2,(n2-2n+4). 
(3.12) 
We need the following interpolation inequality in dealing with integral estimates 
Ilf II 2n2/($-2n+4) < &llf Iizn/(n-2) + E-+2)‘2/if 112 (3.13) 
for f E L2n/(n-2)(M) and E > 0. It then follows from (3.8), (3.12) and (3.13) that 
(~u(“+‘)/2)2”/(“-2)dw (n-2)‘n 
9 
> 
6 c6(3 
{ $(E(iOu (a+1)'2112n,(n_2) + E 
-("-2)/21177u("+')/2112)2 
t (q2 t Idd2)@+‘dvg , J > 
where cs = cs( 72, p( k!, [g]), vol( M, g)). If we choose 
r4ln 
E2 = - 
4c,jo ’ 
then (3.14) gives 
(~~u(~+‘)/~(~;, < c7 --@p(“+‘)/21/; + aII( lqI+ ld~I)~(“+‘)‘211;}, 
{ 
onI2 
where x = m/(rz - 2) and c7 = c7(n,p(M, [s]), vol(M,g)). 
(3.14) 
(3.15) 
Now we specify the cut-off function 7 more precisely. Let A-, A+ be positive constants 
such that f < A- < A+ < a and set 77 = 1 on B,-,(p), 77 = 0 on M\B,+.(p) with 
Id771 G T(X+ ” x->’ 
Let ‘(% ‘> = (_/&,) uqdv,)‘lq. From (3.15) we then obtain 
@(xq, X-r) < 1 3c7q(1 + q 
(n-2)/2) l/e 
r2p+ - X-)2 I 
%7, X+r) (3.16) 
for q 2 n/2. This inequality can be iterated to yield the desired estimate. We set 
q,,, = xmn/2 and A; = f + 2-(“+3), A& = f + 2-(m+2) = A;_, for m = 0, 1,2,. . . , 
250 
and then by (3.16) 
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where cs and cs depend only on 7~, p(M, [g]) and vol(M,g). Letting m 
we have 
SUP U < CgT-2 
%/P(P) 
> 
21” 
unf2dvg . 
(3.17) 
00 in (3.17), 
(3.18) 
Consequently, the inequality (3.3) follows from (3.1) and (3.18). This completes the 
proof of Proposition 3.2. 
4. Proof of Theorem 1.2 
In this section we shall sketch the main steps of the proof of Theorem 1.2. We will 
modify the proof of the convergence theorems for Einstein metrics in [l] and [25]. 
By Theorem 2.3, if the first case (1’) in Theorem 1.2 does not hold, then there 
exist subsequence {j} c {‘} z and a connected compact metric space (M,, d,) with 
diam( M,, d,) = DO > 0 such that 
lim dH((Mj,gj), (M,, d,)) = 0. 
J+c= 
Taking a subsequence if necessary, we may assume that 
diam(Mi,gj) 3 ;Du > 0 
for all j and that there exists a (l/j)-Hausdorff approximation 
vj : WjJj) - (Mcx&cJ 
for each j. For each p E M,, we can find pj E Mj such that 
dm(p, pj(Pj)) < i* 
We define the singular set S by 
s = f-j {PE Mm; 
o<r<Do 
for arbitrary {pj}gr as above p 
> 
where 2u = Su(n, ~0) denotes a similar constant as EO in Proposition 3.2. 
To prove Theorem 1.2, we first note the following. 
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Lemma 4.1. S is a finite set. 
Proof. Take a small constant r > 0 and fix it. Then we can cover S by a finite 
collection of metric balls {B zr 2, ; LC, E S},,A with respect to d, such that the collec- ( ) 
tion {&(G)),EA is disjoint. Since z, E S, for j sufficiently large there exists a point 
“a,j E Mj 
It follows 
such that 
J b/z (%l) PA - n’2 dug, > $, 
doo(xa,~j(xa,j)) < i for ~2 E A, 
Br/z(xa,j) II Br/z(xb,j) = do for a # b* 
from (4.2)-(4.4) that 
#(A) < 22,’ c J IQ In12 dug, 
fJEA ~r/2(%3 1 
< 22,’ J I&I n’2 dug, < 2RuZ,? M, 
(4.2) 
(4.3) 
(4.4) 
(4.5) 
Since 2RuZ;’ is independent of T, letting r + 0 in (4.5), we then obtain 
#(S) < 2R,,Z,‘. 
This completes the proof of Lemma 4.1. 
Now we observe the proof of (a”.2)-(ao.4). Fix a point p E M,\S. 
Lemma 4.2. There exist r satisfying 0 < r < id,(p, S) and a point pj E Mj for each 
j such that 
sup 
K/2 (P3 1 
IRiem,, I < qo(rS2 + v~l(S”(l))~/“), 
where ~10 = qo(n,po). 
(4.6) 
Proof. Taking a subsequence if necessary, we can find r satisfying 0 < r < kd,(p,S) 
and pj E Mj for each j such that d,(p,qj(pj)) < l/j and 
J Br(pJ) I “’ I n’2 dug, 6 20 for all j. 
It then follows from (3.3) and (4.7) that 
(4.7) 
Bsupp ) (Riem,,] < {zlr-4( J, (p,) jEgjln’2dvgj)4’n +czvo~(S~C~))~‘“}~‘~ 
P/2 3 r 
< Glr -4Zt’n + c2vol(Sn( 1))4/“}1/2 for all j, 
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where Er = Zr(n,pn) is a similar constant as cr in Proposition 3.2. This completes the 
proof of Lemma 4.2. 
From (4.6), we obtain the following estimate of sectional curvature Kg, of (Mj,gj) 
I&, I < Kp on B&jL (44 
where rp = $d,(p,S) and %r, = cru((2~,)-~ + v~l(S”(l))~/“). The following local 
injectivity radius estimate is due to Cheeger-Gromov-Taylor [8, Theorem 4.31. 
Fact 4.3. Let B,(q) b e a metric ball of radius r in a Riemannian manifold (M,g) such 
that for T’ < T,&,(q) is compact. Assume that on B,(q),w 6 Kg < K and T < XI& 
(T arbitrary if K < 0) f or some constants w, K. Let BF be a geodesic ball of radius T in 
the simply-connected space form of constant curvature w. Then, for positive constants 
TQ and s with TO + 2s < T and ~~ < ~14, the injectivity 
satisfies 
iq(M’g) ’ 7 ’ 1 + vol(u:,,f),vol(B,(q))’ 
It then follows.from (2.4), (4.8) and (4.9) that 
radius i,(M,g) of (M,g) at q 
(4.9) 
&,(Mj,gj) 2 3. 1 
1 + vol( B,$)/((5. 2n-2)-n/2~;‘21,n)’ 
(4.10) 
where 1, = $ . min{r,, n/6} and 
n-l 
V. = 4(” _ 2)110 > 0. 
Using (4.8) and (4.10) in the results [17, Chapter 21, for each j there exists a harmonic 
coordinate system hj : B,(pj) - Iw” with hj(B,(pj)) > Bss(O) for some T > 0 and 
S > 0 independent of j such that rj = (hl’)*gj satisfies the following equation 
(Tj)i”didkyj + ?3yj * d7.j = -2Ric,, (4.11) 
where a denotes the differential in this harmonic coordinates and A * B a linear com- 
bination of contractions of the tensor product A @ B by the metric yj. Moreover we 
have,forO<a< 1, 
IIYjllcys,,(o)) 6 c119 (4.12) 
where err is independent of j. It should be remarked again that a conformally flat 
Yamabe metric is a metric of harmonic curvature. Then, yj also satisfies the following 
system of quasi-linear elliptic equations 
Aa Riem, = Riem?, * Riem,, _ (4.13) 
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It then follows from (4.11)-(4.13), the Schauder interior estimates and the Lp estimates 
[lo] that 
IlrAlc~(B,(o)) < c12U) (4.14) 
for each 1 E N, where crz(l) is also independent of j. Taking a subsequence if necessary, 
we obtain 
Yj - YP,oo in the C” topology on Bb(O), 
where yp,m is a conformally flat metric of positive constant scalar curvature on B&(O). 
Now ‘pj o h;’ is a (l/j)-H ausdorff approximation from (B&(O), yj) to a neighbor- 
hood of p equipped with d,. Then it converges to an isometry H, : (B~(o),y~+,) - 
(U,,d,), where UP is also a neighborhood of p. Moreover, for any p,q E M,\S, 
H;l 0 HP : (Hp’ (Up n U,), Y~,~) - (H;‘( Up n U,), yq+) is also an isometry unless 
UpnUq = 4. In particular it is differentiable. Thus {HP}PEM,\S and {~~+,}~e~,\~ give 
a coordinate system on M,\S and a conformally flat metric gW of positive constant 
scalar curvature on M,\S respectively. 
For the proof of (2” .3), we recall the following local version of Gromov’s compactness 
theorem [l, Theorem 2.21. 
Fact 4.4. Let {(K, hi)}&N be a sequence of closed Riemannian n-manifolds and Di 
a domain of V; with smooth boundary dD; for each i. Suppose that for all i 
(9 ]V’Riemh,J(z) 6 h(l) for 1 > 0, 
(ii) i&,h;) Z Al > 0, 
(iii) 0 < A2 < vol( D;, h;) < A3 
for x E D;. For a given positive constant E, let D;(E) = {x E D;; dist(vi,hi)(z, aD;> > E} 
(assumed nonempty). Then there exist a subsequence {j} c {i}, a smooth Riemannian 
n-manifold (D,(E), hm) and a diffeomorphism Fj : Doo(&) - Do for each j such 
that (Fj)*hj converges to h, in the C” topology on DW(&). 
For each za E S = {zr,. . . ,zk}, let {z,,j}jen be as in the proof of Lemma 4.1. For 
each m E N, define the open subsets Qj(amm) in Mj and fi,(avrn) in M, by 
and 
slj(amm) = {p E Mj; dist(MJ,sJ)(p,Sa,j) > 2-” for u = l,.*. ,Az} 
%,(2-m) = {p E M,; d,(p,S) > 2-“} 
respectively. Modfying fi,(amm) if necessary, we may assume that each flj(2-m) has a 
smooth boundary. From (4.10) and (4.14), we obtain for all j 
lV’Riemg, I(x) < ~(1, m) for 1>0, (4.15) 
iz(Mj,Sj) 2 m(m) > 0 (4.16) 
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for x E $(2--m), where crs(1,m) and crd(m) are independent of j. Also from (2.4), 
(4.1) and that vol(fLIj,gj) = 1, we have for all j 
0 < c&r&) f vol(s2j(2-m),gj) < 1 (4.17) 
for some constant crs(m) independent of j. Replace D; and D;(E) in Fact 4.4 by 
each component of Rj(2-“-’ ) and fij(2+) respectively. It then follows from (4.15)- 
(4.17) that, for each m, there exist a subsequence {j,} c {j}, a smooth Riemannian 
manifold (0%) gg ) and a diffeomorphism F’,,, : 02 - !$,(2-m) for each j, such 
that (F’,)*gj, converges to gg in the C” topology on fig,. Moreover we assume 
{j,+r } c {j,) for all m. 
NOW we remark that yj,,, o Fjrn : fig - M, converges to an isometry G” : 
m%G,> - (fL(2-m),gw) f or each m. Take the diagonal sequence {jj} of 
{j,}j,mEN. We shall rewrite the index “jj” by “j” again. Then we obtain that, for 
each m, there exists an into diffeomorphism @y : fl203(2-m) - Mj for j sufficiently 
large such that (@y)*gj converges to g, in the C” topology on S2W(2-m). For a com- 
pact subset K c M,\S, there exists m E N such that 11 c Roo(2-m). Thus we can 
take @j = @j”l~ as in (2O.3). 
Finally we observe the proof of (2”.5) and (2O.6) briefly. Fix a point xa E S. There 
exists x=j E h4j such that d,(vj(x,,j),s,) < l/j. S ince S is a finite set, we can take 
S > 0 so that (B26(x,)\{xa}) n S = 4. F or each j, we define the positive number rj in 
(2O.5) by 
Tj = SUP lEg,I. 
b(%,,) 
By the definition of S, 
Tj - 03 as J - 00. (4.18) 
Moreover we may assume that IE,, 1 takes a local maximum value Tj at xa,j. We consider 
the new sequence of pointed Riemannian manifolds ((Mj,aj),x,,j), where 3rj = rjgj. 
This sequence satisfies: 
Each 3j is a conformally flat metric of constant scalar curvature, (4.19) 
sup 
BJ;;.&J&) 
&,I = 1, lEj, ICxa,j> = 19 (4.20) 
RG~ = rylRg, = rT1p(A4j, [gj]), (4.21) 
(4.22) 
diam(Mj,3j) -CO as j - 00, (4.23) 
VOl(Mj,gj) - CXJ as j - 00. (4.24) 
Using Fact 4.5 below due to Gromov [12], and then choosing a subsequence if necessary, 
Yamabe metrics of positive scalar curvature 255 
we have 
((%7&L %,A - a pointed metric space ((N,, d,), z,,,) 
in the pointed Hausdorff distance. 
Fact 4.5. Let {((M;,g;),p;)}~, b e a sequence of pointed complete Riemannian n- 
manifolds. Suppose that for every r > 0 there exists a positive constant C = C(r) such 
that 
Ric,, 2 -C on B&i) 
for all i. Then the closure of {((k&,g;),p;)}g, is compact in MElo with respect to the 
pointed Hausdorff distance. 
By the same argument as above, we can show that N, has a structure of smooth 
n-manifold and a smooth Riemannian metric h, on N, compatible with d,, which 
satisfies the property in (2”.5d). Moreover it follows from (2.4) and (4.18)-(4.24) that 
((Kz, ha), XqxJ satisfies the property in (2O.5~). 
The proof of (2O.6) easily follows from the lower semicontinuity of the curvature 
integral. 
5. Applications 
In this section we shall give two applications of Theorem 1.2, 
We first prove the following. 
Corollary 5.1. Let {(Al~,g;)}~l b e a sequence of compact conformally flat 4- 
manifolds with unit volume which satisfy 
P(K, [g;l) z PO > 0, (5.1) 
-x(Mi) < m0 (E Q (5.2) 
for some constants ~0, mo, where x(M;) d enotes the Euler number of A4i. Then there 
exists a Yamabe metric gi E [g;] with unit volume for each i such that the same con- 
clusion as in Theorem 1.2 holds for the sequence {(M;,g;)}gl. 
Proof. By applying the 4-dimensional Gauss-Bonnet formula to a compact conformally 
flat 4-manifold (M, g), 
16nx(1M) = & /, %d% - J, IEg12d%. (5.3) 
Since the Yamabe problem had been solved affirmatively, we can find a Yamabe metric 
Qi E [g;] of unit volume for each i. Using (2.1), (2.3), (5.1) and (5.2) in (5.3) then gives 
J 
M, l-%,12d%, = - 16r2x(Mi) + &P(Mi, [J;])” (5.4 
I 
< 16n2mu + 12vol(S4( 1)) 
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for all i. The assertion is immediate from (5.1), (5.4) and Theorem 1.2. This completes 
the proof of Corollary 5.1. 
Finally we prove the following gap theorem (see Izeki [15] for n = 4). 
Theorem 5.2. For a positive constant ~0, there exists a positive constant 60 = 
6O(n, ~0) such that each element (M, g) E CY(n, ~0, So) is a spherical space form. More- 
over, 
#(ww) G 
( 
n( n - l)vol( S”( l))“/” n’2 
PO > 
(5.5) 
for all (M,g) E CY(n,po,So). 
Proof. Using a similar argument as in the proof of Proposition 3.2, then we can 
find positive constants 8 o = io(n,po) and cl0 = clo(n,po) such that each element 
(M,g) E CY(n,p0,80) satisfies 
SUP IEgl < Cl0 
M 
(lM IEJ’2dv,)2’n 
sup 1 Riem, l < ~10 
M 
{ (J, IGP2 h) n’2 + vol( S”( 1))2/“} 
(5.6) 
(5.7) 
< C~O(S~‘” -I- vol(Sn( 1))2/“). 
Our assertion will be done by contradiction. We consider the sequences {(M;,g;)}~r, 
each of which is not a spherical space form, and (80 >)Sr > S2 > . . . + 0 such that for 
each i 
(M,g;) E Wn, p0,4>. (5.8) 
From (5.7) and the well-known Bishop comparison theorem [7, Corollary 4, p.2451, 
there exists a positive constant Do = Do(n, PO,&) such that 
diam(h/l;,g;) 2 Do > 0 for all i. (5.9) 
We now apply Theorem 1.2 to the sequence {(M;,g;)},“=,, and then from (5.7)-(5.9) 
there exist a subsequence {j} c {i} and a conformally flat smooth n-manifold (A400,g~) 
such that 
lim dH((Mj,gj),(M,,g,)) = 0. 
j-m2 
Moreover Greene-Wu’s proof of Gromov’s convergence theorem [ll] (see also Kasue 
[18] and Peters [27]) implies that 
There exists a diffeomorphism Qj : Mm --+ Mj for each j such that 
(@j)*gj converges t0 g 
(5.10) 
M in the C” topology on M,. 
Note that, from (5.6) and (5.10), (M,,g,) is a ,compact conformally flat Einstein 
manifold of positive scalar curvature, and hence (M,, goo) is a spherical space form. 
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Let (k!j,#j) d enote the universal covering of (Mj,gj) for each j. Since each (&j, fij) is 
conformally flat and Qj is diffeomorphic to P(l), we can apply Kuiper’s uniformiza- 
tion theorem [23], and then (kj,ij) is conformally diffeomorphic to S”( 1) for all j. By 
applying Obata’s uniqueness theorem [26] (see also [31]) to each constant scalar curva- 
ture metric @j, we obtain that (aj,aj) is homothetic to S”(1) for all j. It contradicts 
the fact that (Mj,gj) is not a spherical space form. This completes the proof of the 
first assertion. 
Fix an element (M,g) E CY(n,p 0, u and let y = #(nr(M)). It then follows from S ) 
(2.1) that 
/Lo 6 p(M, [g]) = n(n - l)( vol(syn(l))) 2’n. 
This completes the proof of Theorem 5.2. 
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